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We theoretically investigate the critical current of a thermally-biased SIS Josephson junction
formed by electrodes made by different BCS superconductors. The response of the device is analyzed
as a function of the asymmetry parameter, r = Tc1/Tc2 . We highlight the appearance of jumps in the
critical current of an asymmetric junction, namely, when r 6= 1. In fact, in such case at temperatures
at which the BCS superconducting gaps coincide, the critical current suddenly increases or decreases.
In particular, we thoroughly discuss the counterintuitively behaviour of the critical current, which
increases by enhancing the temperature of one lead, instead of monotonically reducing. In this case,
we found that the largest jump of the critical current is obtained for moderate asymmetries, r ' 3.
In view of these results, the discussed behavior can be speculatively proposed as a temperature-based
threshold single-photon detector with photon-counting capabilities, which operates non-linearly in
the non-dissipative channel.
I. INTRODUCTION
More than 50 years after its discovery, the Josephson’s
effect [1, 2] is still a province able to provide intrigu-
ing, even unexpected, physical phenomena, from which
novel devices are continuously conceived. This is the case
of the plethora of works descending only recently [3–6]
from the earlier intuition that a temperature bias im-
posed across a Josephson junction (JJ) produces a phase-
dependent heat flow through the device [7]. We are
dealing with the phase-coherent caloritronics [5, 6, 8, 9],
namely, an emerging research field from which fascinat-
ing Josephson-based devices, such as heat interferome-
ters [3, 10] and diffractors [4, 11, 12], heat diodes [13]
and transistors [14], solid-state memories [15–17], mi-
crowave refrigerators [18], thermal engines [19], thermal
routers [20, 21], heat amplifier [22], and heat oscilla-
tor [23], were recently designed and actualized. Even
the critical current Ic of a Josephson tunnel junction,
namely, the maximum dissipationless current that can
flow through the device, deviates from the well-known
Ambegaokar-Baratoff relation [24] in the presence of a
thermal bias imposed across the junction, namely, as the
superconducting electrodes reside at different tempera-
tures, as portrayed in Fig. 1.
In this work we explore peculiar features of the criti-
cal current of a thermally-biased asymmetric tunnel JJ.
We theoretically demonstrate that the critical current Ic
of a junction formed by different superconductors shows
steeplike variation and it is asymmetric in the tempera-
ture switch. Specifically, we show that the critical cur-
rent suddenly jumps at specific temperatures at which
the BCS superconducting gaps [25, 26] are equal. The
abrupt variations are due to the matching in the sin-
gularities of the anomalous Green functions in the two
∗ claudio.guarcello@nano.cnr.it
superconductors [25]. This feature is the non-dissipative
counterpart of the discontinuities discussed in the quasi-
particle current flowing through a voltage-biased S1IS2
junction [25, 27] and the heat current flowing through
a temperature biased junction [14, 28], both stemming
from the alignment of the singularities of the BCS DOSs
in the superconductors [25].
We observe that sudden decreases in the critical cur-
rent were already noted, but not extensively discussed
so far [14, 29]. Additionally, for appropriate parameters
values we will show that the critical current counterintu-
itively behaves, since it increases by enhancing the tem-
perature, instead of decreasing. Furthermore, we study
the asymmetry of the critical current with respect to the
switching of the temperatures, through the definition of
a suitable temperature-switching asymmetry parameter.
We also discuss the linear regime in response to a ther-
mal gradient, by studying the first-order coefficients of
the critical current expansion as a function of the aver-
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FIG. 1. Schematic illustration of a temperature-biased SIS
Josephson tunnel junction formed by the superconducting
leads S1 and S2, with critical temperatures Tc1 and Tc2 , and
residing at temperatures T1 and T2. The junction is enclosed
in a superconducting ring pierced by a magnetic flux Φ which
allows phase biasing of the weak link. The ring is supposed
to be made by a third superconductor S3 with energy gap
∆3  ∆1,∆2 so to suppress the heat losses.
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2age temperature, at a few values of the Dynes parameter.
Finally, according to the step-like behavior of the crit-
ical current, we suggest the application of this device as
a non-dissipative threshold single-photon detector, based
on the sudden increase of Ic due to a photon-induced
heating of one of the electrodes of the junction.
The paper is organized as follows. In Sec. II, we
study the behavior of the critical current by varying non-
linearly the temperatures of the device and the ratio be-
tween the critical temperatures of the two superconduc-
tors. In Sec. III, we address the linear approximation in
the temperature gradient. We discuss in Sec. IV a possi-
ble applications of the discussed effects as a single-photon
detector. In Sec. V, the conclusions are drawn.
II. THE CRITICAL CURRENT
Here, we explore how the critical current of a
temperature-biased SIS JJ depends on the superconduc-
tors composing the device. Indeed, we consider a junction
formed by different BCS superconductors, so that we can
define an asymmetry parameter
r =
Tc1
Tc2
=
∆10
∆20
, (1)
where Tcj is the critical temperature and ∆j0 =
1.764kBTcj is the zero-temperature superconducting
BCS gap [30] of the j-th superconductor (with kB be-
ing the Boltzmann constant).
A Josephson tunnel junction formed by two supercon-
ducting leads S1 and S2 with energy gaps ∆1 and ∆2
residing at temperatures T1 and T2, see Fig. 1, can sup-
port a non-dissipative Josephson current [25]
Iϕ (T1, T2) = Ic (T1, T2) sinϕ, (2)
with ϕ being the macroscopic quantum phase difference
between the superconductors across the junction, and
Ic(T1, T2) being the critical current, which reads [31–34]
Ic (T1, T2) =
1
2eR
∣∣∣∣∣
∞∫
−∞
{
f (ε, T1)Re [F1(ε, T1)] Im [F2(ε, T2)]
+f (ε, T2)Re [F2(ε, T2)] Im [F1(ε, T1)]
}
dε
∣∣∣∣∣.(3)
Here, R is the normal-state resistance of the junction,
e is the electron charge, f (ε, Tj) = tanh (ε/2kBTj), and
Fj(ε, Tj) =
∆j (Tj)√
(ε+ iΓj)
2 −∆2j (Tj)
(4)
is the anomalous Green’s function of the j-th supercon-
ductor [25], with Γj = γj∆j0 being the Dynes param-
eter [35]. The so-called Dynes model [35, 36] is based
on an expression of the BCS DOS including a lifetime
broadening. It allows to take into account the smearing
of the IV characteristics of a JJ, that is the persistence
of a small subgap current at low voltages. In fact, a non-
vanishing γj introduces effectively states within the gap
region, |ε| < ∆j , as opposed to the ideal BCS DOS ob-
tained at γj = 0, which instead results in a vanishing
DOS within the gap [37, 38]. Unless otherwise stated,
hereafter we assume γ1 = γ2 = γ = 10−4, namely, a value
often used to describe realistic superconducting tunnel
junctions [13, 14, 39].
Fig. 1 shows a possible experimental realization of
the discussed setup where we clearly indicate how to
master the phase difference across the device. The
thermally-biased junction is enclosed, through clean con-
tacts, within a superconducting ring pierced by a con-
trol magnetic flux Φ. In this way, we achieve the phase-
biasing via this external flux, which allows us to thor-
oughly play with the macroscopic phase difference across
the JJ. In fact, neglecting the ring inductance, the phase-
flux relation is given by ϕ = 2piΦ/Φ0 [40](Φ0 = h/2e '
2×10−15 Wb is the magnetic flux quantum, with h being
the Planck constant). Accordingly, the phase drop across
the junction can vary within the whole phase space, i.e.,
−pi ≤ ϕ ≤ pi. The ring is supposed to be made by a third
superconductor S3 with energy gap ∆3  ∆1,∆2 so to
suppress the heat losses thanks to Andreev reflection heat
mirroring effect [41].
A. Non-linear temperature behavior of Ic
We first study the critical current of the device by
choosing the asymmetry parameter r, and changing the
temperature of S2 at fixed T1 for non-linear regimes of
temperatures.
The behavior of the critical current Ic, in units of√
∆10∆20/(2eR), as a function of the normalized tem-
perature T2/Tc2 at a few values of the normalized tem-
perature T1/Tc1 , for r = {0.5, 1, 2} is shown in Fig. 2.
We note that the critical current generally reduces by
increasing T1, an effect that may be naively interpreted
as the usual detrimental effect of the temperature on the
critical current. Anyway, we will see that for r 6= 1, the
temperature may affect the critical current in an unex-
pected way. In fact, we observe that the critical cur-
rent as a function of T2 may present a steeplike response.
Specifically, for r 6= 1, i.e., the asymmetric junction case,
curves may show jumps, see Figs. 2(a) and (c), whereas
for a symmetric junction, namely, r = 1, curves present
only a change of slope, see Fig. 2(b). These distinctive
behaviors stem from the alignment of the singularities in
the Green’s functions Fj at ε = ∆j when
∆1(T1) = ∆2(T2). (5)
In order to correctly interpret this phenomenology, we
discuss first the critical currents for r < 1, i.e., r = 0.5
shown in Fig. 2(a). In this case, the superconducting gap
∆1 is smaller than ∆2, namely, ∆1(T ) < ∆2(T ) ∀T ∈
[0 − Tc2 ], see the inset of Fig. 2(a), so that for each
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FIG. 2. Critical current, in units of
√
∆10∆20/(2eR), as a function of the normalized temperature T2/Tc2 at a few values of
the normalized temperature T1/Tc1 , for r = 0.5, 1, and 2, see panel (a), (b), and (c), respectively. Insets in panels (a) and (c)
show the superconducting gaps ∆1 and ∆2 as a function of the temperature T , normalized to Max{Tc1 , Tc2}, for r = 0.5 and
2, respectively. Legend in panel (b) refers to all panels.
temperature T1 certainly exists a temperature T2 sat-
isfying Eq. (5). However, this condition is fulfilled only
when T2 is higher then the threshold value T th2 at which
∆2(T
th
2 ) = ∆10 (where ∆10 = ∆1(T1 = 0)). Specifically,
for r = 0.5, one obtains T th2 ' 0.91 Tc2 , see dashed lines
in the inset of Fig. 2(a). Therefore, the sharp jumps
in the critical current emerge at T2 > T th2 , namely, at
the T2’s values within the shaded region in the inset of
Fig. 2(a). We note that the height of the jumps reduces
by increasing T1 [42].
In the symmetric case, namely, r = 1, shown Fig. 2(b),
the condition (5) can be satisfied only at T1 = T2. In this
case, there is no jump, so that the curves have a change
of slope, in the place of a jump, at T1 = T2.
Finally, for r > 1, i.e., r = 2 in Fig. 2(c), ∆1(T ) >
∆2(T ) ∀T ∈ [0 − Tc1 ], see the inset of Fig. 2(c), so
that the condition (5) is fulfilled only at temperatures
T1 higher than the value T th1 at which ∆1(T th1 ) = ∆20
(where ∆20 = ∆2(T2 = 0)), see the shaded region in
the inset of Fig. 2(c). Specifically, for r = 2, one ob-
tains T th1 ' 0.91 Tc1 . Indeed, among those shown in
Fig. 2(c), only the curve at T1 = 0.94 Tc1 shows a jump.
Interestingly, in this case the critical current Ic behaves
counterintuitively, since by raising the temperature it
sharply increases undergoing a jump, instead of decreas-
ing monotonically. Moreover, this positive jump becomes
higher at a temperature T1 just above T th1 and reduces
by further increasing it. This odd behaviour of the criti-
cal current can be anticipated also by further inspecting
Fig. 2(a), since the point where the jump is located, i.e.
T J2 , shifts towards higher temperatures by increasing T1.
So, by inverting the role of T1 and T2 the jumps showed
in Fig. 2(a) would necessary imply the behaviour shown
in Fig. 2(c).
We note that, both in r > 1 and r < 1 cases, the
temperature ranges in which the jumps in Ic appear can
be enlarged by reducing the temperatures T th1 and T th2 ,
namely, by considering junctions less and less asymmet-
ric, i.e., r → 1. Nonetheless, in this case the heigh of the
jumps tends to reduce, up to vanish just for r = 1. Con-
versely, by increasing the asymmetry between the gaps,
namely, for r  1 (or r  1), we are suppressing one
superconducting gap with respect to the other. In these
cases, T th1 → Tc1 (or T th2 → Tc2), and the ranges of
temperature in which the Ic jumps appear get narrower.
Accordingly, since Ic → 0, we expect that, also in these
regimes, the height of the Ic jumps will tend to diminish.
In light of this, we investigate the dependence of the
height of the critical current jump, ∆Irc (T1), on the
asymmetry parameter r by varying the temperature T1.
Specifically, we explore the cases for r > 1, namely, the
cases giving positive jumps of Ic, as already discussed in
Fig.2(c). In fact, for r > 1, at a temperature T2 = T J2
satisfying Eq. (5), the critical current Ic(T1 > T th1 , T J2 )
sudden increases. In this case, we additionally observe
that Ic has a minimum just before the jump, i.e., for
T2 < T
J
2 , and a maximum just after the jump, i.e., for
T2 > T
J
2 . Therefore, we define the height of the critical
current jump as the difference between these maximum
and minimum Ic values, namely,
∆Irc (T1)=maxT2Ic(T1, T2 > T
J
2 )−minT2Ic(T1, T2 < T J2 ),
(6)
where T J2 is the temperature T2 at which the jump oc-
curs, T1 > T th1 , and r > 1. The behavior of ∆Irc (T1) as
a function of T1 at a few values of r is shown in Fig. 3.
The vertical dashed-dotted lines indicate the threshold
temperatures T th1 /Tc1 above which the jumps of Ic ap-
pear, calculated at the values of r used in the figure. We
observe that, at a given r, ∆Irc (T1) is maximal for a T1
just above T th1 and than it reduced linearly by increasing
T1 up to vanishes for T1 → Tc1 . Interestingly, we ob-
serve that the maximum value of ∆Irc (T1), calculated as
∆Imaxc = maxT1∆Irc (T1), behaves non-monotonically by
increasing r > 1, approaching zero for r → 1 and r  1
and reaching a maximum for r ' 3, as shown in the inset
of Fig. 3. Accordingly, the highest Ic jump is obtained
for Tc1 ' 3Tc2 .
To have an idea of the situation in which the present
effect can be observed, we assume a JJ with a bar-
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FIG. 3. Height of the critical current jump, see Eq. (6), in
units of
√
∆10∆20/(2eR), as a function of T1/Tc1 at a few
values of r ∈]1 ÷ 10]. The vertical dotted lines indicate the
threshold temperatures T th1 /Tc1 above which the jumps of Ic
appear, calculated at the values of r used in the figure. In the
inset: maximum value of ∆Irc , i.e., ∆Imaxc = maxT1∆I
r
c (T1),
in units of
√
∆10∆20/(2eR), as a function of r.
rier resistance of R = 100 Ω between, for instance,
Nb (Tc1 = 9.2 K) and Ta (Tc2 = 4.4 K), correspond-
ing to an asymmetry parameter of r ≈ 2, one finds
a jump of ∆Ir=2c ' 1.2
√
∆10∆20/(2eR) ' 5.8 µA,
when the maximal critical current at low temperatures is
Ir=2c,max ' 3.05
√
∆10∆20/(2eR) = 14.5 µA, see Fig. 2(c).
Nonetheless, we observe that in this case the range of T1
at which the jump of Ic emerges is very nearby to the
critical temperature.
In the previous discussion we analyzed the jump for
r > 1, although one can easily generalize the previous
results also to the r < 1 case, due to the discussed sym-
metry between the r < 1 and r > 1 cases by exchanging
the role of the temperatures T1 and T2. In particular,
for r < 1 the jump height will be maximum for r ' 1/3.
In this case, the value of T2 at which the jump appears
is really nearby the critical temperature Tc2 , as can be
easily seen by comparing Fig. 2(a) with Fig. 2(c).
The impact of the Dynes parameter, γ, on the critical
current is highlighted in Fig.4. In this figure, the behavior
of Ic, in units of
√
∆10∆20/(2eR), as a function of T2/Tc2
at a few values of γ, for r = 0.5 and T1/Tc1 = 0.1, is
shown. Specifically, we evidence how the critical current
changes by varying γ in a neighborhood of a jump. We
observe that the higher the γ value, the smoother the
Ic. [43]
In Sec. IV we will discuss some possible applications
of this device, but certainly the sharpness of the jump
is an important figure of merit, which is potentially con-
nected to the sensitivity of the junction to small temper-
ature variations around the operating point T J2 . Higher
sensitivities in temperature can be obtained by maximiz-
ing the jump sharpness, i.e., by increasing the current
jump height ∆Ic and/or by minimizing the Dynes param-
eter [37]. We note that, in the perspective of detecting
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FIG. 4. Critical current, in units of
√
∆10∆20/(2eR), as a
function of T2/Tc2 at a few values of the Dynes parameter γ,
for r = 0.5 and T1/Tc1 = 0.1.
small variations of T2, it is more convenient to consider
the case where the jump, as a function of T2, is positive,
as shown in Fig. 2(c) for r > 1, since the normalized
temperature T J2 /Tc2 is smaller than the case with r < 1.
This means to keep the superconducting electrode with
the higher Tc at a temperature quite near to the criti-
cal value, and to leave free the temperature of the other
electrode to range around the jump temperature T J .
As discussed so far, the critical current strongly de-
pends on the asymmetry parameter r. In this regard, in
Fig. 5(a) we illustrates the behavior of the critical cur-
rent Ic, in units of
√
∆10∆20/(2eR), as a function of r, at
a few values of the normalized temperature T1/Tc1 and
T2/Tc2 = 0.8. We observe that also these curves may
show a jump, except for the curve at T1/Tc1 = T2/Tc2 .
In the latter case, Ic shows a cusp in r = 1, since its slope
suddenly changes from negative to positive around r = 1,
and it is symmetric, in a semi-log plot, with respect to
this point. The position rj of the jump of Ic changes with
the temperature T1/Tc1 and can be estimated through
Eq. (5). In Fig. 5(b), we display the jump position rj as
a function of T1/Tc1 , for T2/Tc2 = 0.8. Additionally, the
height of the Ic jumps, |∆Ic(rj)|, as a function of T1/Tc1
is shown in Fig. 5(c) for T2/Tc2 = 0.8. We observe that
∆Ic(rj) has a plateau at low T1’s and it decreases by in-
creasing T1, up to vanish at T1 = T2, whereupon it raises
again.
Finally, with the aim to quantify the asymmetry of the
critical current with respect to the switch of the tempera-
tures T1 and T2, keeping fixed the structural asymmetry
r, we define the temperature-switching asymmetry pa-
rameter R,
R(%) = Ic(T1, T2)− Ic(T2, T1)
Ic(T2, T1)
× 100. (7)
This parameter synthetically describes how the struc-
tural asymmetry r induces a strong asymmetrical be-
havior on the non-dissipative branch represented by an
asymmetry of the critical current with the exchange of
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FIG. 5. (a), Critical current, in units of
√
∆10∆20/(2eR), as a function of the asymmetry parameter r at a few values of the
normalized temperature T1/Tc1 and T2/Tc2 = 0.8. (b) and (c), Position and height of the critical current jump as a function
of T1/Tc1 for T2/Tc2 = 0.8
the temperatures of the superconducting leads. In the
density plot shown in Fig. 6(a) we display the behavior
of R as a function of T1/Tc1 and T2/Tc2 , for r = 0.5. We
observe that also R shows discontinuities, just in corre-
spondence of the Ic jumps previously discussed in Fig. 2.
Furthermore, the sign of R switches in correspondence of
a jump. If |R| is maximum, it means that the variation
of Ic by switching the temperatures is maximal too. Con-
versely, if R = 0 the critical current is symmetric with
respect to a temperature switch, although the system is
intrinsically asymmetric, since r 6= 1. Three selected pro-
files of R as a function of T2/Tc2 for different T1/Tc1 ’s are
shown as well in Fig. 6(b). The situations plotted in this
figure correspond to the colored dashed lines in Fig. 6(a).
For T1 < T th1 , by varying T2/Tc2 we note that R under-
goes to only one jump at a temperature T2 > T th2 , see
curves at T1/Tc = 0.2 and 0.7 in Fig. 6(b). In these cases,
R monotonically increases before the jump, whereas it
becomes negative and monotonically decreases after the
jump. Moreover, the height of these jump reduces by in-
creasing T1. Conversely, at a temperature T1 > T th1 , we
observe two jumps in R, see the curve at T1/Tc = 0.92
in Fig. 6(b), since both Ic(T1, T2) and Ic(T2, T1) behaves
discontinuously at some values of T2. Also in this case R
becomes negative after a jump.
The behavior of R as a function of T2/Tc2 at a few
values of the asymmetric parameter r < 1 is shown in
Fig. 6(c), at T1/Tc = 0.2. We note that the lower the
value of r, the higher are both the temperature at which
R changes abruptly and the height of its jump. Con-
versely, in the symmetric case, r = 1, the critical cur-
rent is symmetric in the temperatures switch, namely,
Ic(T1, T2) = Ic(T2, T1), so that R = 0 ∀T1, T2.
III. LINEAR RESPONSE APPROXIMATION
In this section we analyze the variation of the critical
current for small temperature differences between the two
superconductors. Our aim is to quantify how small tem-
perature differences will affect the non-dissipative regime
in the presence of a structural asymmetry, r 6= 0, in the
junction. We assume that T1 > T2, so that we can define
T and δT such that T1 = T + δT/2 and T2 = T − δT/2,
and we can investigate the linear response approximation
by imposing δT = T1 − T2  T = (T1 + T2)/2.
The critical current, see Eq. (3), depends on the
lead temperatures through both the statistical factors
fj ≡ f (ε, Tj) and the self-consistent superconducting gap
∆j ≡ ∆j(Tj) (with j = 1, 2). The linear behaviour in δT
of the critical current Ic =
∫ +∞
−∞ dJc() can be easily
written as
δIc
δT
=
∫ +∞
−∞
d
(∑
i
δJc()
δfi
∣∣∣∣
∆j
∂fi
∂ δT︸ ︷︷ ︸
α1
+
δJc()
δ∆i
∣∣∣∣
fj
∂∆i
∂ δT︸ ︷︷ ︸
α2
)
,
(8)
where in the first term (α1) we consider only the tem-
perature variation of the statistical weights fi and in the
second (α2) the temperature variation of the gaps ∆i.
Finally, the critical current can be written as
Ic (T, δT ) ' Ic(T, 0) + α1(T )δT + α2(T )δT, (9)
where
Ic(T, 0) =
1
2eR
∣∣∣∣∣∣
∞∫
−∞
f(ε, T )Im [F1(ε, T )F2(ε, T )] dε
∣∣∣∣∣∣ (10)
coincides exactly with the well known Ambegaokar-
Baratoff relation [25]. Therefore, the linear contribution
to the critical current can be seen as a correction to the
usual relation, Eq. (10), due to the junction asymmetry
and the temperature gradient. This contribution is deter-
mined by two different terms, α1 and α2, see Eq. (8). The
former is associated to the variation of the electron dis-
tribution assuming temperature-independent gaps. In-
stead, the latter, α2, is computed by considering only
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FIG. 6. (a) Parameter R, see Eq. (7), as a function of T1/Tc1 and T2/Tc2 , for r = 0.5. (b), Profiles of R vs T2/Tc2 , for
T1/Tc1 = {0.2, 0.7, 0.92} and r = 0.5, corresponding to the colored dashed lines in (a). (c), Parameter, R, see Eq. (7), as a
function of T1/Tc1 , at a few values of r and T2/Tc2 = 0.2.
temperature variations of the superconducting gaps in-
cluded in the anomalous Green’s functions Fj , see Eq. (4).
According to the modulus in Eq. (3), if we recast the
critical current as Ic = |Ic|, its derivative can be written
as ∂Ic∂δT = sgn (Ic)
∂Ic
∂δT . Then the coefficient α1 reads
α1(T ) =
sgn (Ic)
8eRkBT 2
∫ ∞
−∞
dε ε
Im [F1(ε, T )F∗2(ε, T )]
cosh2(ε/2kBT )
, (11)
where it is easy to recognise the derivative contribution of
fi as taken directly from Ambegaokar-Baratoff, Eq. (10).
Instead, by expanding the anomalous terms in Eq. (3) to
the first order in δT , the coefficient α2 can be expressed
as
α2(T ) =
sgn (Ic)
4eR
∞∫
−∞
dεf (ε, T )
∑
i
(−1)i−1 ∆i
′(T )
∆i(T )
βi (ε, T ) ,
(12)
where ∆′i(T ) is the derivative with respect
to T of the i-th superconducting gap, and
βj (ε, T ) = Im (F1F2)N2j − i2Re (F1F2)F2j , with
Nj(ε, T ) = (ε+ iΓj)
/√
(ε+ iΓj)
2 −∆2j (T ). We
see that the gaps affect the linear coefficient α2 via their
logarithmic derivatives ∆′i(T )/∆i(T ) only.
We note that both α1 and α2 are linear coefficients
of the dissipationless regime so they can be defined only
for T ≤ Min{Tc1 , Tc2}. In order to efficiently represents
these terms for different structural asymmetries r, it is
convenient to normalize the temperature with respect to√
Tc1Tc2 . So, one can easily verify that the linear coeffi-
cients are defined only for T√
Tc1Tc2
≤ Min{√r, 1√
r
}.
The behaviors of the coefficients α1 and α2 as a func-
tion of the normalized temperature T/
√
Tc1Tc2 for r ∈
[0.2 ÷ 5] are shown in Figs. 7(a) and (b), respectively.
Hereafter, we will assume a Nb (Tc1 = 9.2 K) electrode
S1 and we suppose to be able to set the gap of S2 at will,
in order to get the appropriate value of the asymmetry
parameter r. The barrier resistance is set to R = 100 Ω,
which results in a junction that, for the symmetric case
r = 1, has a low-temperatures critical current approxi-
matively of 22 µA.
First of all, we observe that both α1 and α2 vanish
for r = 1, see Figs. 7(a) and (b), respectively, namely,
there is no linear contribution with the temperature gra-
dient to the critical current in the symmetric case. Con-
versely, both coefficients are positive for r > 1 and neg-
ative for r < 1. This remark can be rationalized by
observing that the critical current roughly scales accord-
ing to the geometric mean of the superconducting gaps√
∆1(T1)∆2(T2) =
√
∆1(T + δT/2)∆2(T − δT/2). In-
terestingly, the δT derivative of this quantity is positive
for r > 1 and negative for r < 1. This shows that the
sign of δIc/δT in a JJ under a small temperature gradi-
ent δT directly reflects on the structural asymmetry r in
the junction.
We observe that α1 behaves non-monotonically, see
Fig. 7(a), since, for r < 1 it starts from zero, reaches
a minimum and than it vanishes at T√
Tc1Tc2
=
√
r,
that is at T = Tc1 . Similarly, for r > 1 it starts
from zero, reaches a maximum and finally vanishes at
T√
Tc1Tc2
= 1√
r
, that is at T = Tc2 . For low temper-
atures, the behavior of α1 is ruled by the exponential
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FIG. 7. (a) and (b), Coefficients α1 and α2, see Eqs. (11) and (12), as a function of the normalized temperature T/
√
Tc1Tc2 ,
for γ = 10−4 and several values of r. The legend in panel (b) refers to both panels. (c) and (d), Coefficients α1 and α2 as a
function of the normalized temperature T/
√
Tc1Tc2 for several γ and r = 1.05. In the inset of panel (d): α2 as a function of γ
for T/
√
Tc1Tc2 = 0.97 and r = 1.05. The legend in panel (d) refers to both panels.
suppression of the hyperbolic contribution for T → 0.
Instead, for T√
Tc1Tc2
→ Min{√r, 1√
r
}, namely, for T →
Min{Tc1 , Tc2}, the product
√
∆1(T )∆2(T ) vanishes, so
that α1 goes to zero according to the BCS temperature
dependences of ∆1(T ) or ∆2(T ). Moreover, we observe
that the maximum value of |α1| increases if r → 1. This
apparently odd result is consistent with the fact that
when T1 ≈ T2 the critical current is not-analytical in the
asymmetry parameter r, as implied by the cusp shown in
Fig. 5(a) for r = 1 and T1 = T2.
Conversely, α2 behaves monotonically, see Fig. 7(b).
Specifically, it rapidly vanishes at T → 0 and diverges
at T√
Tc1Tc2
→ Min{√r, 1√
r
}. The low-temperatures be-
havior of α2 is mainly governed by the gap logarithmic
derivatives, being the superconducting gap roughly con-
stant at T . Tcj/4 so that ∆j ′(T ) → 0 at T → 0. In-
stead, for T → Min{Tc1 , Tc2}, although ∆j(T ) → 0, we
observe that the logarithmic derivative diverges making
α2 also diverging.
Interestingly, we observe that the coefficients α1 and
α2 behave quite differently by varying the Dynes param-
eter γ, as it is clearly shown in Figs. 7(c) and (d) for
a few values of γ ∈ [10−5 ÷ 10−1], and r = 1.05. We
observe that α1 is strongly affected by γ, since it signif-
icantly reduces by increasing γ, up to become even five
times lower passing from γ = 10−5 to γ = 10−1, see
Fig. 7(c). Conversely, the coefficient α2 is practically in-
dependent of γ, as it is shown in Fig. 7(d). Interestingly,
we observe that to appreciate concrete variations in α2
we should consider quite higher, unrealistic values of γ,
see the curve shown in the inset in Fig. 7(d) obtained at
T√
Tc1Tc2
= 0.97.
IV. DISCUSSION: A POSSIBLE APPLICATION
FOR SINGLE-PHOTON SENSING
The physical effect described so far could promptly
find an application in several contexts. For instance,
this device can be used as the Josephson-counterpart of
a thermal current rectifier, which exploits the Ic drop
upon temperature bias reversal. Interestingly, several ex-
amples of thermal rectifiers, namely, structures allowing
high heat conduction in one direction but suppressing
thermal transport upon temperatures switch, based on
Josephson junctions [13, 44–46], phononic devices [47–
49], and quantum dot [50], were also recently conceived.
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FIG. 8. Thermodynamic temperature fluctuations δT as a
function of the temperature T2 of a Ta electrode with volume
V2 = 0.01 µm3, Tc2 = 4.4 K, and NF,2 = 10
47 J−1m−3. In
the inset: critical current, Ic, as a function of T2, at T1/Tc1 =
0.93, for a Nb/Ta junction with R = 100 Ω.
Alternatively, a non-dissipative single-photon detec-
tor [51–57] based on a temperature-biased asymmetric
Josephson tunnel junction might be conceived. The de-
velopment of superconducting sensors is receiving a grow-
ing interest recently, since the use of superconducting
devices working at cryogenic temperatures has some ad-
vantages. To name just a few, they assure a significant
suppression of the heat leakage [51, 58–60] and a van-
ishingly small Johnson noise [61], since operating in the
non-dissipative regime.
The setup we are proposing resembles a supercon-
ducting tunnel junction (STJ) detector where a tun-
nel Josephson junction is exploited in the dissipative
regime [62–64]. Conversely, in our proposal we operate
the tunnel junction in the dissipationless regime without
involving any quasiparticle charge current [65].
This single-photon detector implementation is worth
to be discussed in more detail. In the proposed device
concept, the measurable abrupt increase of the critical
current, as determined by the enhancement of the tem-
perature of the absorbing superconducting layer, could be
exploited to detect radiation. In such a setup, the photon
is supposed to be absorbed in an electrode with a small
volume (i.e., with a small heat capacitance), for instance,
the electrode S2, to allow its temperature to effortlessly
change due to a small energy absorption. The other elec-
trode, i.e., S1, is instead supposed to have a large volume
and it is endowed with a heating probe continuously in-
jecting heat, in order to maintain its temperature T1 as
constant as possible. At the same time, the system is
assumed in good thermal contact with a phonon bath.
The temperature of the electrode S2 is initially kept
close to the threshold value T J2 . Due to the photon ab-
sorption and the resulting temperature increase, the criti-
cal current can jump. Then, in such a detector, the choice
of the working temperature, T2(0), is an essential point.
Especially, T2(0) must be chosen close enough to T J2 , so
that the incoming photon can induce the transition. At
the same time, if T2(0) is too close to T J2 , unavoidable
thermal fluctuations in the superconductor could trigger
a faulty detector reaction. For this reason, the analysis
of the thermal fluctuations is of crucial importance to
estimate the detector feasibility. Indeed, we need first
of all the temperature separation ∆T2 = T J2 − T2(0) to
be much larger than possible temperature fluctuations,
in order to reduce dark counts to a minimum. At the
same time, reducing the separation ∆T2 increases the
sensitivity to low energy photons. The thermodynamic
temperature fluctuations can be estimated as [56, 66]
δT =
√
kBT 2
Cj(T )
. (13)
Here, Cj(T ) = T ∂Sj/∂T is the electronic heat capacity
of the superconductor Sj , where Sj(T ) is its electronic
entropy and it is given by [18, 67]
Sj(T ) = −4kBVjNF,j
∫ ∞
−∞
f(ε, T ) ln[f(ε, T )]Nj(ε, T )dε.
(14)
Here Vj is the volume, NF,j is the quasiparticle density of
states at the Fermi energy, f(E, T ) is the Fermi distribu-
tion function, and Nj (ε, T ) =
∣∣∣∣Re [ ε+iΓj√(ε+iΓj)2−∆j(T )2
]∣∣∣∣
is the smeared BCS density of states of Sj . Since δT ∝
V
− 12
j , we observe that the lower the electrode volume, the
higher the thermal fluctuations. So, the detector design
should carefully determine the volume of the absorber,
since a smaller volume may be beneficial for sensitivity
at low energies, but also potentially detrimental due to
the increase of thermodynamic fluctuations.
Hereafter we refer to a device configuration previously
taken as an example, namely, a junction with electrodes
S1 and S2 respectively made by Nb (Tc1 = 9.2 K) and
Ta (Tc2 = 4.4 K), so that r ≈ 2. This material selection
has already demonstrated a high quantum efficiency in
absorbing photons from IR to UV frequencies [64]. In the
inset of Fig. 8, we show the critical current of a Nb/Ta
junction with R = 100 Ω as a function of T2. In this
case, the critical current jumps at T2 ' 2.54 K. The
behavior of δT as a function of the temperature of the
Ta electrode with V2 = 0.01 µm3, Tc2 = 4.4 K, and
NF,2 = 10
47 J−1m−3, is shown in Fig. 8. We observe
that in this case the fluctuations are vanishingly small in
a large range of temperatures. For instance, by assuming
to work at 2.5 K one obtains δT ' 5 mK. This means
that a working temperature far, for instance, just ∆T2 =
50 mK from the threshold value could safely prevent an
untrustworthy absorber temperature readout. The red
dashed line in the inset of Fig. 8 indicates the working
temperature obtained by choosing ∆T2 = 50 mK.
We observe that in the single-photon detection mode,
the proposed detector is characterized by a “dead time”
in which it cannot be used to reveal a following inci-
dent photon. After an absorption, the temperature T2
9increases reaching a maximum during a jitter time and
then, due to the thermal contact with the phonon bath,
the electrode S2 recovers its initial steady temperature.
However, once a transition induced by a photon with
enough energy has occurred, a further photon-induced
temperature increase would not induce another Ic jump,
unless the system has already switched back to its idle
state. During the thermal evolution following a photon
absorption, the condition T2 = T J2 at which Ic jumps is
satisfied twice. The distance in time between these sub-
sequent photon-induced Ic jumps can be used to define
the dead time of the device. Since the maximum tem-
perature reached by S2 depends on the absorbed energy,
the photon frequency could be directly inferred from this
dead time, that can be reduced by a device and fab-
rication optimization. In fact, since the thermalization
time can be estimated as τth = Cj/G [21] (with G being
the total thermal conductance of the JJ), the energy ex-
cess due to the photon absorption could be released more
quickly by allowing the superconductor S2 to be strongly
coupled to the thermal phononic bath. The possibility
to work at temperatures of the order of Tc/2 guarantees
a good e-ph coupling, and then a quite short dead time
in comparison with other detectors working at T  Tc.
Furthermore, in the case of monochromatic radiation, our
device shows unique photon-number-resolving detection
capabilities, since the dead time directly depends on the
absorbed energy.
The possibility of distinguishing photons with differ-
ent frequencies would allow us to use the device as a
calorimeter. To estimate the performance of a calorime-
ter the relevant figure of merit is the resolving power,
which is calculated in the idle state in the absence pho-
tonic excitation, and reads [52, 57]
hν
∆E
=
hν
4
√
2 ln 2
√
kBT 2C(T )
, (15)
where T is the steady temperature of the absorber, ν is
the photon frequency, and ∆E is the intrinsic energy res-
olution of full width at half maximum for a calorimeter
with a white-noise spectrum [8, 52]. Fig. 9(a) shows the
resolving power as a function of the photon frequency, ν,
at a few temperatures of the Ta electrode with volume
V2 = 0.01 µm3. We observe that the resolving power
obviously increases linearly with the photon frequency.
The horizontal dashed line indicates unitary resolving
power. We note that at 0.6 K a resolving power exceed-
ing one results in the whole range of frequencies shown
in Fig. 9(a) (infrared to UV light spectrum). Instead, for
T2 = 2.5 K, namely, the working temperature previously
discussed, see the inset of Fig. 8, we obtain hν/∆E > 1
only at frequencies above 100 THz. This means that a
Nb/Ta-based detector, with the chosen detection volume
V2, residing at a temperature T2 = 2.5 K could properly
work as a calorimeter for frequencies ν & 100 THz.
The temperature dependence of the resolving power
at a few values of the photon frequency is displayed in
Fig. 9(b). We note that the resolving power monotoni-
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FIG. 9. (a) Resolving power as a function of the photon fre-
quency at a few temperatures. The shaded regions indicate
the frequency ranges corresponding to IR (red), visible (cyan),
and UV (green) light spectrum. (b) Resolving power as a
function of the temperature at a few values of the photon fre-
quency. The values of other parameters are: V2 = 0.01 µm3,
Tc2 = 4.4 K, and NF,2 = 10
47 J−1m−3.
cally reduces with increasing the temperature, and that
the higher ν, the larger the range of temperatures giving
hν/∆E > 1.
We estimate the sensitivity of the device by assuming
some thermal response to the photon absorption. How-
ever, we need to discuss how critical current measure-
ments can be done without affecting previous conclu-
sions. Reading of the photon-induced Ic variation could
be performed by conventional techniques, for instance,
via a Josephson sensor [61] based on the modifications
of the kinetic inductance, Lk ∝ 1/Ic [25, 26], of the
junction working in the dissipationless regime and in-
ductively coupled to a superconducting quantum inter-
ference device (SQUID). Alternatively, the variation of
the Josephson kinetic inductance of the junction can be
performed dispersively through an LC tank circuit in-
ductively coupled to the JJ [68, 69]. As a matter of fact,
in this readout scheme the modifications of the Joseph-
son inductance can be measured through a shift, or a
broadening, of the circuit’s transmission or reflection res-
onance [70]. Detectors based on a dispersive detection
have a huge potential in fast detection and quantum lim-
ited energy-resolution [69]. Those platforms combined
with the dissipationless configuration of our tunnel junc-
tion could promise minimal low-noise performances with
reduced dark-counts and, consequently, high energy sen-
sitivity. In this dispersive configuration, one can also
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deploy multiplexing capabilities, paving the way to the
real-time control of more single-photon sensors, making
attractive platform for astrophysical applications.
Finally, we observe that actually our detection pro-
posal shows up some similarities with other single-photon
sensors based on the critical current change due to the
photon absorption in a proximized nanowire [52, 55, 57,
69]. Anyway, there are also several qualifying differences.
Firstly, in our detection scheme the absorbing element
is a superconducting lead of an asymmetric JJ and the
phenomenon exploited for the detection is the anomalous
steep variation by changing the temperature of the criti-
cal current, where its temperature variation is smoother
in proximized sensors. Therefore, the strength of our de-
vice resides in a strong sensitivity due to the steeplike re-
sponse of Ic to a photon-induced heating. Moreover, the
fact that the detection is not performed in extremely low
temperatures regimes, could be advantageous for achiev-
ing a fast thermal response due to a better e-ph cou-
pling, which results in a shorter dead time of the de-
tector. Markedly, we think that our detector represents
an interesting combination between different types of su-
perconducting single-photon and calorimetric devices. In
particular, it has the potential sensitivity of STJ systems,
however without being affected by the Johnson-Nyquist
noise, due to the dissipationless working regime. Besides,
the proposed detector has potentially the energy sensi-
tivity of proximity-based detectors, with reduced dead
time at parity of photon energy, due to higher operat-
ing temperatures. Finally, it is characterized by a fast
thermal response, due to the energy absorption with a
short timing jitter, similarly to transition-edge sensors.
In conclusion, we wish to stress that the presented anal-
ysis has not been specifically optimized in performance,
but it was simply done on the base of realistic and feasi-
ble parameters. We will deserve a more detailed analysis
of both the detector design and its performance figures
of merit in a forthcoming paper [71].
Before concluding, we wish to remark that our predic-
tion of a jump in the critical current, in the presence of
both an asymmetry of the junction and a temperature
bias, is purely based on a conventional BCS mechanism,
i.e., gaps matching. This means that for all those ex-
periments where jumps in the critical current are indeed
discussed as a smoking-gun proof of more elaborate mech-
anisms, such as, for instance, topological transitions [72–
74], one need to deserve extra care, in order to be sure
that a structural asymmetry, in the presence of an un-
controlled thermal gradient evolution, could eventually
provide a simpler explanation.
V. CONCLUSIONS
In conclusion we discuss in this paper the behavior of
the critical current, Ic, of a Josephson tunnel junction
formed by different superconductors. We analyze in de-
tail the behavior of Ic by changing both the temperatures
of the electrodes and the ratio, r, between the critical
temperatures of the superconductors. We observe that
the critical current is asymmetric in the temperatures
switch and that it shows a steeplike behavior at spe-
cific temperatures, namely, at the temperatures at which
the BCS superconducting gaps coincides. Specifically,
in these conditions the critical current of an asymmetric
junction, i.e., r 6= 1, suddenly jumps. We observe also an
unexpected behavior, since, for r > 1, by enhancing the
temperature the critical current in correspondence of a
jump increases.
Studying the height of the Ic jump, we observe a non-
monotonic behavior, according to which we found that
an optimal r value, giving a maximum increase of the
critical current upon temperature variations, exists. We
also discuss how Dynes parameters in the superconduc-
tors affect the sharpness of the Ic transition. Finally we
discuss in detail the behavior of the critical current for a
small thermal gradient along the junction as a function
of the average temperature and the Dynes parameters.
The peculiar temperature-dependence of the critical
current of an asymmetric Josephson junction can be rel-
evant to conceive intriguing applications. For instance,
the step-like variation with the temperature of the critical
current will allow us to design a single-photon threshold
detector in which the absorption of a photon produces
a temperature enhancement, that can correspond to a
measurable critical current variation. This system oper-
ating in the non-dissipative branch is likely to provide
very-high energy sensitivity. The conceived device is in-
herently energy resolving, and can be also engineered to
determine the photon number in the case of a monochro-
matic source of light. We briefly discussed the essential
figures of merit of this type of detector, which deserve
further investigation and a more careful design optimiza-
tion, in order to address better its intrinsic potential.
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